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ABSTRACT
Colorectal cancer is believed to originate from abnormal cell proliferation in small cavities of its epitheliumcalled crypts. We present a hybrid framework that couples a Voronoi tessellation-based cell model with acontinuous differential model to describe cellular dynamics, proliferation, and differentiation in a colorectalcrypt. The framework is implemented numerically using finite difference and finite element methods.This allows us to simulate how cells move, proliferate, and differentiate in normal and abnormal scenarios.We consider in particular the normal homeostatic case for validating the framework, and simulate twoabnormal scenarios where perturbations in cell distribution or proliferation are imposed. The benefit of such ahybrid model is that we can freely impose perturbations and show results for cellular dynamics, proliferation,and differentiation at two different scales: a macro continuous scale and a micro cell scale. This frameworkprovides insights into how cell behavior changes under abnormal conditions and how crypt lesions andadenomas may originate from cellular dynamics perturbations.
keywords colon crypt, partial differential equations, tessellation, cell proliferation and differentiation,finite element method
RESUMO
Acredita-se que o câncer colorretal seja originado pela proliferação celular anormal em pequenas cavidadesde seu epitélio, chamadas criptas. Apresentamos uma modelagem híbrida que acopla um modelo celularde tesselação de Voronoi a um modelo diferencial contínuo para descrever a dinâmica, proliferação e diferen-ciação celular em uma cripta colorretal. Isso permite simular como células normais e anormais proliferame se diferenciam dentro da cripta. O modelo hibrido é implementado numericamente utilizando métodosde diferenças finitas e elementos finitos, permitindo simular três cenários diferentes: o caso homeostáticonormal usado para validar o modelo e dois cenários anormais diferentes, onde são colocadas perturbaçõesna proliferação celular e na distribuição celular. O benefício do modelo híbrido é que podemos observaras consequências das perturbações na dinâmica homeostática, proliferação e diferenciação celular em duasescalas diferentes: uma escala continua macroscópica e uma escala celular microscópica. A análise dassimulações do modelo permite de compreender melhor o comportamento celular nos cenários anormais e decomo uma lesão na cripta do cólon pode ser originada.
palavras-chave cripta do cólon, equações diferenciais parciais, tesselação, diferenciação e proliferaçãocelular, métodos dos elementos finitos

1Prof. Me., Department of Mathematics, UEMA, São Luís, MA, Brazil. joseitalo00@gmail.com2Prof. Dr., Department of Applied Mathematics, IMECC, UNICAMP, Campinas, SP, Brazil. groman@unicamp.br

Semin., Ciênc. Exatas Tecnol., Londrina, 2025, v. 46, e53590 1

https://www.doi.org/10.5433/1679-0375.2025.v46.53590
mailto:joseitalo00@gmail.com
https://orcid.org/0009-0007-9147-7742
https://orcid.org/0000-0002-4486-7840


Sousa, I. J. L.; Romanazzi, G.

Introduction
A tightly regulated process of continuous cell renewal and differentiation in colonic crypts plays a crucial
role in maintaining healthy digestion. Disruptions in this process, such as abnormal cell proliferation within a
crypt, are associated with the onset of colorectal cancer (Osborne, 2015; I. M. M. van Leeuwen et al., 2006).
To deepen our understanding of how such abnormalities evolve into carcinomas, it is essential to model and
simulate crypt cellular dynamics under both physiological and pathological conditions.
In the field of mathematical modeling, two main approaches are widely used to describe cellular behavior

in biological tissues: discrete based-cell and continuous models. Discrete models, such as the cell-centered
Voronoi Tessellation (VT) model, focus on the spatial location and mechanical interactions of individual
cells (Meineke et al., 2001). In contrast, continuous models describe the dynamics in space and time of
macroscopic quantities, such as cell density, using systems of differential equations (Oliveira & Romanazzi,
2022).
Motivated by the need for a more comprehensive representation of crypt dynamics, we propose a hybrid

cellular model (HCM) which integrates both modeling strategies to describe cell dynamics in a single crypt.
The HCM couples a continuous partial differential equation (PDE) system with a discrete VT model. While
the continuous model describes the pressure as well as the dynamics, proliferation, and differentiation of crypt
cell families, the VT model accounts for the spatial location, mechanical forces and adhesion of each cell. In
particular the discrete framework is used to update each cell according to the cell densities provided by the
continuous model, enabling the simulation of both local mechanical interactions and global population-level
behaviors.
The continuous model is solved numerically using a piecewise linear finite element method, which

provides an approximation of cell family densities at each mesh node on the crypt epithelium surface. Then,
an integration step updates the distribution for each VT cell allowing the VT model implementation.
The proposed HCM allows us to simulate both normal and abnormal proliferation scenarios. It offers

valuable insights into how disordered patterns of cell growth can potentially lead to adenoma or lesion
formation that may progress to cancer. In fact, it is known that abnormal crypt cell proliferation patterns can
be responsible for the early stages of colorectal cancer (Romanazzi & Settanni, 2022; I. M. M. van Leeuwen
et al., 2006).

Materials and methods
Colorectal crypts are formed by different cell types whose differentiation and proliferation follow a regular
process that is important to model since, as mentioned before, any process disruptions may lead to early
stages of colorectal cancer.
Here we classify only three cell types (also called families) by listing their characteristics. However, more

cell families exist, such as the ‘Paneth’ cells, that will be then immersed in our proposed three family model.
The three cell families modeled are: stem cells, semi-differentiated cells and fully differentiated cells (Murray
et al., 2011).
Stem cells are characterized by dividing and generating descendant cells that differentiate into other cell

types. Semi-differentiated cells also undergo a differentiation process (called specialization) to perform
specific and vital functions in the intestine. Moreover, similar to stem cells, they can proliferate (divide) but
faster than stem cells.
The last cell family is formed by fully differentiated cells that are mature cells completely specialized.

They perform vital functions in the epithelium tissue despite lacking the ability to generate new cells of the
same lineage through cell division, thus fully-differentiated cells do not proliferate.
The behavior of all these cells is crucial to maintain a healthy intestinal homeostasis (Asarian et al., 2012),

in fact stem cells ensure a continuous supply of differentiated cells to maintain the intestinal lining. Instead,
semi-differentiated and fully differentiated cells perform vital functions necessary for digestion and nutrient
absorption, as well as for protecting the intestinal mucosa from external aggression.
It is known that crypts can be represented geometrically as a cylinder (Kershaw et al., 2013), with an open

top orifice and a closed rounded bottom see Figure 1.
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Figure 1 - Geometric representation of the crypts: (a) endoscopic crypt image, (b) cylindrical tube of height
h and circumference c, where the rectangular domain Ω is obtained by removing the rounded bottom and cut,unfold the resulting cylinder.

(a)

(b)

(a) From "Basics in molecular evolution of colorectal cancer and their implications for the surgeon: is it a ’big-bang’ or a’survival of the toughest’?" 2018, by P. C. Chandrasinghe, The Sri Lanka Journal of Surgery, 36(2),18–21
Crypt epithelium cells are located on the crypt surface, as seen in the endoscopic pictures in Figure 1(a).

Note that stem cells are located bottom of the crypt, whereas semi-differentiated and fully differentiated cells
are located in the middle and top of the crypt, respectively.The crypt geometry is simplified by removing
its closed bottom thus without considering stem cells located at the very crypt bottom. Then the cylinder is
unfolded to obtain a rectangle as shown in Figure 1(b). This simplified representation is commonly used in
works involving Voronoi tessellation models (Meineke et al., 2001; I. M. van Leeuwen et al., 2009).
Let Ω =

{
(x, y) ∈ R2 : 0 < x < c, 0 < y < h

} the rectangular crypt domain, where c and h are the
orifice circumference and the crypt height respectively, We denote its boundary by Γ, see Figure 2, where
Γ1 is its bottom edge, Γ3 and Γ4 are the left and right edges, respectively, and Γ2 is its crypt top orificeedge.
Figure 2 - (a) Crypt domain Ω, with edges Γ1, Γ2, Γ3, and Γ4. (b) Triangulation Ωh used in the finite elementmethod for approximating the continuous model solutions. (c) The Ωh nodes (xi, yj) are the centers ofyellow squares sij . Intersections of colored hexagonal VT cell areas with squares sij are measured to get thecell density in the nodes (xi, yj).

(a) (b) (c)

Γ3 Γ4

Γ1

Γ2
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Continuous model

The continuous model in HCM describes the crypt cellular dynamics in Ω over the time interval [0, T ]. It is
based on a system of partial differential equations (PDEs) with convection, diffusion and reaction terms that
has been modified with respect those used in (Figueiredo et al., 2019; Oliveira & Romanazzi, 2022) to add
an equation for stem cell dynamics and a more well-balanced semi-differentiated cell proliferation.
The unknown system solutions, defined at the points (x, y) ∈ Ω and at time t ∈ (0, T ], are the densities of

stem, semi-differentiated, fully differentiated cells denoted respectively by Cℓ(x, y, t), with ℓ = A,B,C,
and the cell pressure p(x, y, t).
This pressure is generated by the cell mitotic activity which induces a passive cell displacement in the

crypt with velocity v = −ξ∇p usually directed upwards to the crypt top orifice. Here ξ is a tissue parameter
depending on the permeability and viscosity of the epithelium which may depend on the cell (Greenspan,
1976). Notwithstanding each cell type may have different diffusion D and tissue parameter function ξ, we
assume for model simplification that they are independent of cell type.
Based on these assumptions, the space-time continuous model for cell densities CA, CB , CC is governedby the following convective-diffusive-reaction PDE system

∂CA

∂t
= ∇ · (D∇CA)−∇ · (ξCA∇p),

∂CB

∂t
= ∇ · (D∇CB)−∇ · (ξCB∇p) + αBCB(1− CB) + βABCA − βBCCB ,

∂CC

∂t
= ∇ · (D∇CC)−∇ · (ξCC∇p) + βBCCB .

(1)

The rates αB , βAB , and βBC represent, respectively, the proliferation rate of semi-differentiated cells(B), the differentiation rate from stem (A) to semi-differentiated cells, and the differentiation rate from
semi-differentiated to fully differentiated cells (C). All these rates are functions depending on the space
coordinate y along the vertical crypt axis. Proliferation rate αB increases from the crypt bottom (y = 0)
reaching a maximum at an intermediate height, and then decreases to zero at the crypt top (y = h) (Almet
et al., 2021).
Experimental observations (Nicolas et al., 2007) indicates that stem cell differentiation occurs after

asymmetric stem cell divisions producing one stem cell and one semi-differentiated cell. Thus stem cell
population is constant over time under physiological conditions. This observation justifies that differentiation
term βABCA is present only in the second equation of the system of equations (1).Both rates βAB and βBC progressively increase towards the crypt top and are negligible at the cryptbottom. This spatially dependent behavior is consistent with the literature (Di Garbo et al., 2010; Drasdo &
Loeffler, 2001), which report a predominance of differentiation far from the crypt bottom where only stem
cells reside. We assume that no void exists in the epithelium crypt and then, since CA, CB , and CC representvolumetric fractions of the respective cell types in the point (x, y) at time t, the following constraint is valid

CA + CB + CC = 1. (2)
This implies that domain Ω is fulfilled only by three cell families. Then, we can eliminate the third

equation in the system of equations (1) and rewrite it in terms of CA and CB only. Summing the resultingtwo equations yields, after simplifications, the following system

−∇ · (ξ∇p) = αBCB(1− CB) + βABCA,

∂CA

∂t
= ∇ · (D∇CA) +∇ · (ξ∇pCA),

∂CB

∂t
= ∇ · (DB∇CB) +∇ · (ξ∇pCB) + αBCB(1− CB) + βABCA − βBCCB .

(3)

The following boundary and initial conditions complete the system:
p = 0 on Γ1,

∂p

∂x
= 0 on Γ3 and Γ4, ξ

∂p

∂y
= −gy with gy > 0 on Γ2 (4)
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

CA = 1 on Γ1

CA = 0 on Γ2

∂CA

∂x
= 0 on Γ3 and Γ4

CA(x, y, 0) = C0
A(x, y)



CB = 0 on Γ1

CB = 0 on Γ2

∂CB

∂x
= 0 on Γ3 and Γ4

CB(x, y, 0) = C0
B(x, y)



CC = 0 on Γ1

CC = 1 on Γ2

∂CC

∂x
= 0 on Γ3 and Γ4

CC(x, y, 0) = C0
C(x, y)

(5)

The system of equations (3) with boundary and initial conditions in equations (4) and (5) is the final
version of our continuous model accounting for cell diffusion, pressure-driven convection, proliferation, and
differentiation. This is solved to get CA, CB and p in the crypt Ω at each time t ∈ [0, T ], and then, by using
the no-void relation in equation (2) which ensures the conservative nature of the model, we can simply get
the stem cell density CC = 1− CA − CB .Due to its construction, see Figure 2(a), domain Ω has periodic boundary conditions on Γ3 and Γ4 andthen we have continuity for density and pressure on these edges. This is imposed by the homogeneous
Neumann conditions on pressure and cell densities in equations (4) and (5). At the crypt top Γ2, the Neumannpressure condition ξ ∂p

∂y = −gy uses a known experimental velocity gy obtained by histological observations(I. M. M. van Leeuwen et al., 2006).
Boundary conditions on the crypt bottom Γ1 are obtained instead based on the known predominance ofstem cells therein. This means that the crypt bottom is an auto-regenerative tissue with a relevant internal

renewal. While in the crypt middle most of cells are semi-differentiated, fully differentiated cells with
density CC predominate at the crypt top. These mature cells are then shed to the lumen and replaced by fullydifferentiated cells coming from the crypt middle in a continuous homeostatic renewal process. Analytical
expressions for the initial densities C0

A, C0
B , C0

C in the Normal and Abnormal Cases can be found in theResults and discussion section.
As it will be shown therein, the continuous model given in equations (3)–(5), will allow faithful reproduc-

tion of physiological patterns that are consistent with experimental and theoretical assumptions of crypt cell
renewal processes in normal and abnormal scenarios.
Voronoi Tessellation model

The discrete component of HCM uses the cell-centered Voronoi Tessellation (VT) model to obtain the
locations and mechanical interactions of each crypt cell. For each cell k, its geometric center, denoted by qk,is also referred as the VT generator point.
Mechanical interactions, also mentioned as forces, between neighboring cells are originated by two main

mechanisms: cell adhesion and migration towards preferred regions.
In particular, a force between two neighboring cells acts along their connecting line and depends on the

distance between the cell centers. Cell adhesion is modeled as follows: if neighboring cells are very close, the
force is repulsive, whereas at intermediate distances an attractive adhesion predominates. In this model, the
force between two cells is considered to be linearly proportional to the overlap of their volumes, defined as the
difference between the sum of their natural radii and the distance between their centers. This simplification
allows capturing the dominant mechanical effects of cell adhesion without introducing excessive modeling
complexity. Thus the force acting on cells k due to cell ℓ is

Fkℓ = Fkℓ
qk − qℓ

∥qk − qℓ∥
, with Fkℓ = µdkℓ, (6)

where qk and qℓ are respectively the position vectors of the k and ℓ cell centers, µ is a tissue stiffness and
dkℓ = Rk +Rℓ − ∥qk − qℓ∥ (7)

is the overlap between the cells k and ℓ that have radius Rk and Rℓ respectively.The total force Fk acting on cell k is obtained by summing forces Fkℓ in equation (6) generated by cells ℓadjacent or in contact with cell k, that is
Semin., Ciênc. Exatas Tecnol., Londrina, 2025, v. 46, e53590 5
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Fk =
∑
ℓ∈Nk

Fkℓ (8)
where Nk is the set of cells adjacent or in contact with cell k.Assuming that cell dynamics occurs in an over-damped regime, which is typical in viscous domains such
as the colon epithelium, inertial effects can be neglected, and the equation governing the cell k dynamics is:

η
dqk

dt
= Fk, (9)

where η is the viscosity coefficient associated with the medium’s resistance to cell displacement.
Equation (9) is solved numerically using the explicit Euler method, which updates the cell position at time

t+∆t, for ∆t > 0, as follows
qk(t+∆t) = qk(t) +

∆t

η
Fk(t). (10)

This is done for a fixed number Nt of time steps up to covering the chosen simulation time interval.In Voronoi Tessellation models, cells are represented by polygonal regions determined by the cell center
positions (Sousa, 2024), and connectivity is inferred from the Delaunay triangulation, the dual of the Voronoi
mesh. However, when a purely linear force is used as done above, unrealistic connections may exist between
distant cells, compromising biological realism. To avoid this, we adopt a cutoff linear modification, in which
the force is neglected if the overlap dkℓ defined in equation (7) is below a negative threshold dmin. Thismodification makes the model more robust, preventing spurious interactions and ensuring a more accurate
representation of tissue organization and mechanics throughout the simulation. Thus, we have

Fkℓ =


µdkℓ + (0,− d

dyk
(yk − y2τk)), if dkℓ ≥ dmin

(0,− d

dyk
(yk − y2τk)) if dkℓ < dmin

, with yτk =



1
6h if τk = A

1
2h if τk = B

5
6h if τk = C

,

where the added gradient term (0,− d

dyk
(yk − yτk)

2) mathematically models the experimental observation
that stem cells (A) prefer to be located at the lower third crypt level near the crypt bottom, semi-differentiated
cells (B) in the middle and mature fully differentiated cells (C) at the upper third crypt level.
Numerical method for the continuous model

The initial boundary value problem given in equations (3)-(5) is numerically solved by using a piecewise
finite element method (FEM), implemented in Python using FEniCS library (Alnæs et al., 2015) with the
spatial discretization carried out using a triangular mesh, see Figure 2(b), and time integration is performed
using a first-order implicit-explicit scheme. We give below some overview of the piecewise linear finite
element method implemented.
Let∆T = T

NT
> 0 the time step of the NT intervals [tn−1, tn] with tn = n∆T , for each n = 1, . . . , NT ,our iterative method obtain a numerical pressure approximation pn−1

h for the pressure p(·, ·, tn−1) at time
tn−1 and a after compute the numerical densitiesCn

A,h andCn
B,h that approximateCA(·, ·, tn) andCB(·, ·, tn)which are solutions of equations (3)-(5) at time tn. Let also consider the spaceV =

{
v ∈ H1(Ω) : v|Γ1

= 0
},

we obtain the variational formulation at time t = tn−1 of (3)1, that is of the first equation of the system ofequations (3), as follows: find p ∈ V such that
ap(p, v) = ℓn−1

p (v) ∀v ∈ V (11)
where
ap(u, v) =

∫
Ω

ξ∇u∇vdxdy, ℓn−1
p (v) =

∫
Ω

(
αBC

n−1
B (1− Cn−1

B ) + βABC
n−1
A

)
vdxdy −

∫
Γ2

ξgyvds
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for all u, v ∈ V , where Cn−1
A , Cn−1

B are approximations of CA(·, tn−1), CB(·, tn−1) obtained in theprevious iteration n − 1. Let Vh ⊂ V the subspace of piecewise linear functions on the triangulation
Ωh ⊂ Ω, see Figure 2(b), with basis {Φk}k=1,...,Nh

where Nh is the number of Ωh-nodes except that in Γ1.
The piecewise linear finite element method consists in finding pn−1

h =

Nh∑
k=1

pn−1
k Φk ∈ Vh, an approximation

of the solution p of equation (11), such that
ap(p

n−1
h , vh) = ℓn−1

p (vh), ∀vh ∈ Vh. (12)
This reduces to finding pn−1 =

(
pn−1
i

)
∈ RNh solution of Apn−1 = b where A = (Ai,j) is the Nh ×Nhand b = (bi) is the Nh × 1 vector, defined as Ai,j = ap(Φi,Φj) and bi = ℓn−1

p (Φi) for i, j = 1, . . . , Nh.We now construct a time-discrete Backward Euler and space-discrete piecewise linear finite element
method for approximating CA at time tn by building the variational formulation of the second equation ofthe system of equations (3).
LetW = {w ∈ H1(Ω) : w|Γ1∪Γ2 = 0} andWh ⊂ W theW−subspace of linear piecewise functions

in Ωh with basis {Ψk}k=1,...,Mh
, whereMh is the number of Ωh−nodes except those in Γ1 ∪ Γ2. UsingBackward Euler method in time, the piecewise linear finite element method applied to the second equation of

the system of equations (3) at each time step tn seeks C̃n
A,h ∈ Wh such that∫

Ω

C̃n
A,hwhdxdy +∆ta

n
A(C̃

n
A,h, wh) =

∫
Ω

C̃n−1
A,h whdxdy, ∀wh ∈ Wh (13)

where
anA(uh, wh) =

∫
Ω

D∇uh∇wh + ξuh∇pn−1
h ∇whdxdy, ∀uh, wh ∈ Wh

with pn−1
h obtained in equation (12).

The problem in equation (13) reduces to finding Cn

A =
(
C̃n

A,i

)
∈ RMh such that (M + ∆tS

n
A)C

n

A =

MC
n−1

A , where M = (Mij) and Sn
A = (Sn

A,i,j) are Mh × Mh matrices whose coefficients are
Mij =

∫
Ω
ΨiΨjdxdy, and Sn

A,i,j = anA(Ψj ,Ψi). To obtain an approximation Cn
A,h of CA at time tnthat satisfies the conditions CA = 1 if y = 0 and CA = 0 if y = h, we need to add the function

Ψn−1
p (x, y) =

 e−
ξ
D pn−1

h (x,y) if y ̸= 0

0 elsewhere
to the solution C̃n

A,h of equation (13). Thus, we get
Cn

A,h = C̃n
A,h +Ψn−1

p (14)
as numerical approximation of CA at time tn. Finally we need to approximate numerically the density CB attime tn using the nonlinear third equation of the system given in equation (3).This is achieved using a time-discrete implicit-explicit scheme combined with a space-discrete piecewise
linear finite element method: find Cn

B,h ∈ Wh such that∫
Ω

Cn
B,hwhdxdy +∆Ta

n
B(C

n
B,h, C

n−1
B,h , wh) =

∫
Ω

Cn−1
B,h whdxdy +∆T l

n
B(wh), ∀wh ∈ Wh (15)

where ∀uh, vh, wh ∈ Wh: anB(uh, vh, wh) =
∫
Ω
D∇uh∇wh + ξuh∇pn−1

h ∇wh − (αB − βBC)uhwh +

αBuhvhwh dxdy and lnB(wh) =
∫
Ω
βABC

n
A,hwhdxdy, with Cn

A,h defined as the numerical approximationobtained in equations (13) and (14).
The problem in equation (15) reduces to finding Cn

B,h =
(
Cn

B,i

)
∈ RMh such that (M +∆tS

n
B)C

n

B,h =

MC
n−1

B , where M = (Mij) and Sn
B = (Sn

B,i,j) are Mh × Mh matrices whose coefficients areMij =∫
Ω
ΨiΨjdxdy and Sn

B,i,j = anB(Ψj , C
n−1
B,h ,Ψi), respectively.
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Hybrid cellular model

The hybrid cellular model (HCM) couples the Voronoi Tessellation model with the continuous model which
have been described in the previous sections. This is done by using the following iterative HCM algorithm:

Step 1. Solve numerically the continuous problem in equations (3)-(5), to obtain pressure p at time
t = tn and cell densities CA, CB , CC at time tn+1 = tn +∆T , as described in the previous section.
Step 2. Project the continuous densities to the VT generator points qk and select the cell type for eachcell.
Step 3. Compute the interaction forces between cells as defined in section Voronoi Tessellation Model
and update their locations using equation (10) for Nt steps with time step ∆t.
Step 4. Get the continuous density interpolating the VT cell positions of previous steps on the triangu-
lation Ωh

Step 5. Update n: n+ 1 → n.
Let T > 0 the chosen simulation time, the algorithm Steps are repeated NT times until reaching time

t = T , where NT = T/∆T . Since Step 1 has been fully explained in the section Numerical Method for theContinuous Model, we describe here with further details the remaining HCM algorithm steps.
In Step 2, we project the cell density from the continuous model to the VT model built on the Voronoi

generator points qk that coincide with the Ωh triangulation nodes. In order to determine the correct k celltype we choose the type A, B, or C that has the maximum continuous density in the generator point qk.In Step 3, a Forward Euler method with time step∆t is applied to update qk according to the adhesionforces described in the section Voronoi Tessellation Model. Note that time step∆t in the VT model is smallerthan the time step ∆T used in the continuum model, since cellular adhesion occurs on a shorter timescale(hours) compared to differentiation or proliferation (days). Note also that the VT step number Nt should besufficiently large to guarantee that a stable/homeostatic solution of equation (9) is reached. Since cells k
have changed their location in order to update the continuous densities Cτ (x, y) with τ = A,B,C in the
triangulated mesh Ωh we perform in Step 4 an interpolation that averages VT cell density in small squareregions sij centered in the Ωh nodes (xi, yj) as follows:

Cτ (xi, yj) =
Sum of cell areas of type τ that intersect the square sij

|sij |
, τ = A,B,C

where |sij | denotes the area of sij .A graphical representation of these squares sij , highlighted in yellow, on a VT cell distribution withregular hexagonal cells is illustrated in Figure 2(c). Herein the sij centers are marked by black dots andcoincide with the Ωh nodes located on the edges of the triangulation Ωh represented in Figure 2(b).Finally in Step 5 we update the iteration time index n, thereafter we obtain at time tn the discrete VT celldistribution and the continuous cell densities in all the crypt domain Ω.
Results and discussion
Here, we present results from the implementation of HCM described in the previous section. In order to
simulate cellular dynamics based on experimental data we begin to describe the cell and crypt geometrical
dimensions. Crypt cells have an average spherical shape with diameter 5.9µm (Guebel & Torres, 2008).
The average normal crypt has a crypt orifice surrounded by 23 or 24 cells (Baker et al., 2014) and height

formed by a number of cells between 75 and 110 (Bernstein et al., 2010). Assuming an average of 23.5 cells
along the crypt orifice circumference c, its length is c = 23.5× 5.9 = 138.65µm. Whereas the crypt height
h is formed on average by 92.5 = 75+110

2 cells, then the crypt height measures 92.5× 5.9 = 545.75µm.
Thus, the relation between height and circumference is h

c = 545.75
135.7 ≈ 4.02 ≈ 4 and the crypt can be

discretized using c = 23 along the circumference and h = 92 cells along the height. However, this would
yield to a total of 23× 92 = 2116 crypt cells, which is computationally expensive.
To reduce computational cost, each VT cell is represented by a compartment containing 3× 3 actual crypt

cells, leading to a discretized crypt with c = 24
3 = 8 and h = 90

3 = 30 cells.
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We simulate and track crypt cellular dynamics in Ω under three scenarios:
• Normal Case: Parameters, initial conditions and rates are adjusted to reflect typical cell homeostasis in
a crypt.

• Abnormal Case 1: The semi-differentiated cell proliferation rate αB and top velocity are increasedcompared to the Normal Case.
• Abnormal Case 2: Perturbed initial conditions for CA, CB , and CC are considered, where stem cellsare also present in middle of the crypt in addition to their expected location at the crypt bottom.
We first tested our model under the Normal Case to validate its performance. This task is important since

the most common situation in a crypt is that the cellular dynamics is a homeostatic process. Any perturbation
of this case will be considered as an Abnormal Case and then this will be used to simulate and understand
how adenomas or lesions can be originated and evolve in the crypt. Note that our test-cases have been built
for understanding adenoma formation since the exact mechanism by which a disruption in a single crypt
leads to adenoma formation, and subsequently to carcinoma in the colorectal tract, remains unclear (I. M. M.
van Leeuwen et al., 2006). The results of the HCM implementation for these three cases are presented and
analyzed in the following sections.
Normal Case

In the Normal Nase a crypt cell homeostasis occurs, that is characterized by almost constant cell densities,
pressure and cell distribution along the simulated time interval. In this scenario, parameters, as well as
proliferation and differentiation rates, are set to match experimental measurements in a crypt exhibiting
continuous, well-regulated cell renewal and differentiation, without disruptions that could lead to adenoma
formation. These parameters are derived from medical observations and measurements reported in the
literature (Romanazzi & Settanni, 2022; I. M. M. van Leeuwen et al., 2006; I. M. van Leeuwen et al., 2009)
and references therein.
We first observe that the theoretical cell densities CA, CB , and CC in a homeostatic crypt, should bestationary solutions of the continuous model in equations (1), (4) and (5).
Specifically, as described in the section continuous model, stem cells (CA) predominate at the crypt bottom,while semi-differentiated (CB) and fully differentiated cells (CC ) are mainly located in the crypt middle andtop, respectively. Moreover it is known that stem cells are not found in Normal Case over one third of crypt

height, and fully differentiated cells are absent from the crypt bottom. Therefore, the following simple linear
expressions for the initial cell densities C0

A = C0
A(x, y), C0

B = C0
B(x, y), C0

C = C0
C(x, y) are used in theNormal Case:

C0
A =


1− 3

h
y if 0 ≤ y ≤ h

3
,

0 if h
3
≤ y ≤ h.

(16)

C0
B =



3

h
y if 0 ≤ y ≤ h

3
,

1 if h
3
≤ y ≤ 2h

3
,

1− 3

h

(
y − 2h

3

)
if y ≥ 2h

3
.

(17)

C0
C =


0 if 0 ≤ y ≤ 2h

3
,

3

h

(
y − 2h

3

)
if y ≥ 2h

3
.

(18)

The corresponding graphs, equations (16)–(18), are given in Figure 3.
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Figure 3 - Initial cell densities in the Normal Case, as functions of the crypt vertical coordinate (height) y:(a) cell density C0
A; (b) cell density C0

B ; (c) cell density C0
C .

(a) (b) (c)

The associated discrete cell distribution of the VT model at time t = 0, where each Voronoi region is
centered at an Ωh node, is represented in Figure 4(a). For completeness, Figure 4(b) shows the correspondingdistribution at the final time T for the Abnormal Case 1, whereas Figures 4(c)–(d) present the initial and
final distributions for Abnormal Case 2, respectively. These abnormal cases are described in the next
sections.
In order to

Figure 4 - Discrete VT cell distribution with stem cells depicted in green, semi-differentiated cells inblue, fully differentiated cells in yellow. (a) Cell distribution at t = 0 in Normal and Abnormal Case 1.(b) Cell distribution at t = T in Abnormal Case 1. (c) Cell distribution at t = 0 in Abnormal Case 2.(d) Cell distribution at t = T in Abnormal Case 2.
(a) (b) (c) (d)

In order to obtain the numerical pressure approximation ph using equation (12), it is necessary to specifythe tissue parameter ξ, the cell velocity gy at the crypt top, the proliferation rate αB and differentiation rate
βAB .Since stem cells at crypt bottom are nearly immobile (I. M. van Leeuwen et al., 2009), we assume that
the tissue parameter ξ is null at the very bottom of the crypt and increase upward, where cells are less
resistant to pressure gradients due to higher permeability and lower viscosity. Then cells have an increased
velocity going upwards along the crypt vertical axis as expected. Assuming that the tissue parameter remains
constant at the crypt top, we adopt the following piecewise linear ξ, which depends solely on the vertical
coordinate y

ξ(y) =


3

2h
y if 0 < y ≤ 2h

3
,

1 if y >
2h

3
.

It is known from (Potten et al., 1992) that cells move at most one cell position per hour near the crypt top
orifice, then since our VT model each cell corresponds to 3× 3 real cells, we have that the maximum velocity
located on the crypt top is gy = 1

3 of a cell position per hour.
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The semi-differentiated proliferation rate αB in the Normal Case exhibits instead a bimodal behavioralong the vertical coordinate y, as observed experimentally (Almet et al., 2021).
Based on the experimental proliferation rate reported by (Potten et al., 1992), we derived the αB analyticalexpression in units of cells per hour, presented in equation (19)

αB(y) =


−a1y

2 + a2y + a0 if 0 < y <
h

5

−a3

(
y − h

5

)2

+ a4 if h
5
≤ y ≤ 2

3
h

a5(y − h)2 if h
5
≤ y <

2

3
h

(19)

where a0 =
1

86
, a4 =

1

29.9
, a1 =

25

h2
(a4−a0), a2 =

10

h
(a4−a0), a5 =

9

2h2
a0, a3 =

225

49h2

(
a4 − a5

h2

9

)
.

Details on how these coefficients ai were determined are provided in Sousa (2024).The remaining differentiation rates, βAB and βBC , are also measured in units of cell number per hour.They are provided in equations (20)-(21):

βAB =



0 if 0 < y ≤ h

6
,

1

28h

(
y − h

6

)
if h

6
≤ y ≤ h

3
,

1

168
if h

3
< y < h.

(20)

βBC =


0 if 0 < y ≤ 2h

3
,

1

56h

(
y − 2h

3

)
if 2h

3
< y < h.

(21)

The graph of αB is shown in Figure 5(a), while the differentiation rates βAB and βBC are shown inFigures 5(b) and 5(c), respectively.
Figure 5 - Rates with respect to vertical coordinate (height) y: (a) proliferation rate αB ; (b) differentiationrate βAB ; (c) differentiation rate βBC .

(a) (b) (c)

Their expression arise from the experimental observation cited in (Nicolas et al., 2007) that semi-
differentiated cells at the crypt top differentiate at most once per week, whereas stem and semi-differentiated
cells do not differentiate at the crypt bottom and in the lower two-thirds of the crypt height, respectively.
The remaining parameters and time steps used in HCM are: simulation time T = 1, number of time

steps NT = 100 , continuous time step ∆T = 0.01, diffusion coefficient D = 1, tissue stiffness coefficient
µ = 50, viscosity coefficient η = 1, negative threshold dmin = −1.5.
Using the above initial densities in equations (16)–(18), proliferation, differentiation rates in equations

(19)–(21), and problem parameters, we observe in Figures 6(a)–6(c), that cell densities do not change
significantly compared to the initial ones, in fact only a regularization of the densities can be noted. Moreover,
pressure solutions are also almost invariant in the time period [0, T ], see Figures 7(a)–7(b).
This is validating that we are modeling a homeostatic case with almost time constant velocity and cell

densities.
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Figure 6 - Cell densities in the Normal Case at time t = T as function of the vertical coordinate y: (a) celldensity CA(·, T ); (b) cell density CB(·, T ); (c) cell density CC(·, T ).
(a) (b) (c)

Figure 7 - Pressure in the Normal Case: (a) pressure at initial time; (b) pressure at final time T .
(a) (b)

Abnormal Case 1

In this scenario we induce abnormal proliferation by using a proliferation rate that generates five cells (per
hour) more than the normal rate αB defined in equation (19). We also perturb the velocity gy at the crypt top,specifically, it is increased fivefold compared to the Normal Case.
Thus, five cells per hour are now expelled from the crypt top orifice to the colon lumen instead of one as

in the Normal Case. Starting by the normal initial conditions for densities given in equations (16)–(18), and
considering the mentioned perturbations we have a large difference in the cell distribution at final time T as
can be seen in Figures 8(a)–8(c).
Figure 8 - Cell densities in the Abnormal Case 1 at time t = T , as functions in the crypt height coordinate y:(a) cell density CA(·, T ); (b) cell density CB(·, T ); (c) cell density CC(·, T ).

(a) (b) (c)

Moreover, as it can be seen in Figure 8(b) and Figure 4(b) semi-differentiated cells fill almost completely
the crypt.
Abnormal Case 2

In this second abnormal scenario different initial conditions are used: stem cells are initially located in the
middle of the crypt (CA = 1 in [h2 − 1, h

2 + 1]), see Figures 9(a)–9(c).
This is a significant modification with respect to the cell distribution in a healthy normal crypt where only

semi-differentiated cells can reside at the crypt middle. In this scenario we want to simulate what is observed
in lesions of the colon that present abnormal stem cells located in the middle of the crypts, because it is
known that this can lead to or be responsible for adenoma formation. In fact as described in (Romanazzi
& Settanni, 2022) and references therein there is a correlation between adenoma formation and stem cell
location far from the bottom that are characterized by high Wnt.
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Figure 9 - Initial cell densities in the Abnormal Case 2. (a) C0
A ; (b) C0

B ; (c) C0
C .

(a) (b) (c)

Applying our computational method at time t = T we get that stem cells continue to be present in the
crypt middle, see densities plots in Figures 10(a)–10(c). This demonstrates that a such abnormality is not
removed along the time and then it can persist and potentially lead to lesions and adenoma formation.
Figure 10 - Cell densities in the Abnormal Case 2 at t = T : (a) CA(·, T ); (b) CB(·, T ); (c) CC(·, T ).

(a) (b) (c)

The associated VT cell distribution in this Abnormal Case at initial time and final time are given in
Figures 4(c)-(d).
Computational Tools

All simulations were implemented in Python (Python Software Foundation, 2024). The continuous system
was solved using the FEniCS (Alnæs et al., 2015) package, which enables the formulation and solution of
partial differential equations using the finite element method. The discrete model was also implemented in
Python, using libraries for geometric processing and simulation of cell interactions. Results were visualized
using the Matplotlib Python library.
Conclusions
In this work we have presented a hybrid cellular model for simulating cell dynamics in colonic crypts.
This framework integrates a cell-centered Voronoi Tessellation (VT) model with a continuous PDE system
to track cell densities and position in a cylindrical crypt. It reproduces the normal homeostasis state and
enables the testing of different abnormal scenarios. In particular we have shown in an Abnormal Case
that stem cells initially located at the crypt middle, that is uncommon in homeostasis regime, continue to
reside there along the simulated time interval. Thus such an initial abnormal condition perturbs the cellular
dynamics permanently. This result is important because it validates the biological observations and theoretical
hypotheses that modifying cell proliferation or stem cell locations in a crypt can lead to abnormal crypts with
lesions.
Our hybrid framework allows to describe simultaneously cell proliferation, convective cell velocity due

to mitotic activity directed to the crypt top and cell differentiation which occur over longer timescales
(days), while cell-scale dynamics occur over shorter timescales (hours). Numerical simulations have been
implemented by a finite element method which has been coupled with the VT cell model solved in time by a
Forward Euler method. This methodology is computationally efficient with respect a fully cellular discrete
model, such as that presented in (I. M. van Leeuwen et al., 2009), which solves many differential ordinary
equations presenting parameters linked with a provided Wnt gradient.
As future work, we plan to enhance our hybrid model by introducing a Wnt gradient which can perturb

the model parameters and rates at cellular scale rather than just on the continuous scale as done in this work.
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