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Method to generate growth and degrowth models obtained from
differential equations applied to agrarian sciences

Método gerador de modelos de crescimento e decrescimento obtidos
a partir de equacoées diferenciais aplicado as ciéncias agrarias
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de Brito®; Frank Gomes-Silva?; Maria Lindomarcia Leonardo da Costa*;
Patricia Guimaraes Pimentel®’; Moacyr Cunha Filho?; Ivone Yurika Mizubuti®

Abstract

This study aims to propose a method to generate growth and degrowth models using differential
equations as well as to present a model based on the method proposed, compare it with the classic non-
linear mathematical models Logistic, Von Bertalanffy, Brody, Gompertz, and Richards, and identify the
one that best represents the mean growth curve. To that end, data on Undefined Breed (UB) goats and
Santa Inés sheep from the works of Cavalcante et al. (2013) and Sarmento et al. (2006a), respectively,
were used. Goodness-of-fit was measured using residual mean squares (RMS), Akaike information
criterion (AIC), Bayesian information criterion (BIC), mean absolute deviation (MAD), and adjusted
coefficient of determination (R[f) . The models’ parameters ( a, weight at adulthood; 8, an integration
constant; y, shape parameter with no biological interpretation; £, maturation rate; and m, inflection point)
were estimated by the least squares method using Levenberg-Marquardt algorithm on the software IBM
SPSS Statistics 1.0. It was observed that the proposed model was superior to the others to study the
growth curves of goats and sheep according to the methodology and conditions under which the present
study was carried out.

Key words: Growth curve. Non-linear model. New model. Model selection.

Resumo

O objetivo deste trabalho ¢ propor um método gerador de modelos de crescimento ¢ decrescimento
por meio de equagdes diferenciais, bem como apresentar um modelo a partir do método proposto,
compara-lo entre os modelos matematicos nao lineares classicos seguintes, Logistico, Von Bertalanffy,
Brody, Gompertz, e Richards ¢ identificar aquele que representa melhor a curva média de crescimento.
Para isso, foram utilizados dados de caprino (SRD - Sem Raca Definida) e de ovinos da raga Santa
Inés oriundos, respectivamente, dos trabalhos de Cavalcante et al. (2013) e Sarmento et al. (2006a). A
qualidade de ajuste foi medida por meio do quadrado médio do residuo (OMR), critério de informagéo
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de Akaike (41C), critério de informacao Bayesiano (BIC), desvio médio absoluto (DMA) e coeficiente
de determinagdo ajustado (Rf ). Os parametros dos modelos (o, peso a idade adulta; 8, uma constante
de integracdo; y, parametro de forma sem interpretagdo bioldgica; k, taxa de maturago; e m, ponto de
inflexdo) foram estimados pelo método de minimos quadrados utilizando o algoritmo de Levenberg-
Marquardt por meio do Software IBM SPSS Statistics 1.0. Observou-se que o modelo Proposto foi
superior aos outros modelos para o estudo das curvas de crescimento de caprinos e ovinos de acordo
com a metodologia e condi¢cdes em que foi desenvolvido o presente estudo.

Palavras-chave: Curva de crescimento. Modelo ndo linear. Novo modelo. Selecao de modelo.

Introduction

The Northeast region of Brazil is a major player
in goat and sheep husbandry since it hosts over half
of the country’s domestic herd of those animals
(PRODUCAO PECUARIA MUNICIPAL, 2012),
whose main food source for livestock production
is native pastures (caatinga). One of the most
important goals in goat and sheep husbandry is to
obtain adequate weight within a short timeframe.

In a genetic improvement program for goats
or sheep, the growth curve study may be used to
describe animal development over time, which
helps establish strategies in feeding programs and
describe the optimal slaughter age (CARNEIRO et
al., 2007; MALHADO et al., 2008a; SANTANA et
al., 2001).

According to Teixeiraetal. (2012), animal growth
curves are studied by fitting non-linear models since
that enables synthesizing precise information on
weight gain and prognostics for animals of the same
breed under the same environmental conditions.

The literature present studies comparing non-
linear models for fitting growth curves of goats and
sheep. According to Malhado et al. (2009) and Chalh
and El Gazzah (2014), the five most traditionally
used models used to describe animal growth are the
Logistic (NELDER, 1961), Von Bertalanfty (VON
BERTALANFFY, 1957), Gompertz (LAIRD, 1965),
Brody (BRODY, 1945), and Richards (RICHARDS,
1959). Thus, a large volume of information can be
taken into account in three or four parameters that
may be interpreted biologically, such as asymptotic
weight (o) and growth rate (k) (McMANUS et al.,
2010).

Some researchers have studied those models in
goats (SOUSA et al., 2011; DO O et al., 2012) and
in sheep (SOUZA et al., 2011; TEIXEIRA NETO
et al., 2016), which requires some criteria to select
the most competitive ones (GUEDES et al., 2005;
SARMENTO et al., 2006b).

Given the dynamics of mathematical model
application in biological researches, some authors
such as Brito et al. (2007), Lima Filho (2012),
and Santana et al. (2016) understand more studies
on animal growth curves are still needed and that
there is room for new models that may lead to
more significant results and more precise estimates.
Therefore, it is always possible a new model will
have better performance in terms of biological
interpretations and convergence of parameters
(SANTANA et al., 2016).

Thus, this study aims to present a method
to generate growth and degrowth models using
differential equations, as well as to propose a model
based on such method and compare it with the
commonly used non-linear mathematical models to
identify the one that indicates the best goodness-of-
fit to the growth curves of Undefined Breed (UB)
goats and Santa Inés sheep.

Material and Methods
Data

This study will use two goat and sheep growth
databases originally presented in the papers by
Cavalcante et al. (2013) and Sarmento et al. (2006a),
respectively.
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Cavalcante et al. (2013) applied the non-linear
Logistic models and Von Bertalanffy to weight data
of 23 UB goats reared in the Santiago community
in the municipality of Simplicio Mendes, PI, Brazil,
from birth to 185 days of age, obtained between May
and November 2009 for a total of 575 data points.

Sarmento et al. (2006a) used weight records
from birth to 196 days of age of 927 Santa Inés
lambs, controlled from 1983 to 2000, belonging to
the Empresa Estadual de Pesquisa Agropecuaria da
Paraiba (EMEPA-PB), located in the municipality
of Soledade, PB, Brazil.

Method to generate growth and degrowth models
obtained from differential equations

According to Von Bertalanffy (1957), the
variation in animal growth as a function of time is
proportional to the difference between the synthesis
(anabolism) and breakdown (catabolism) of the
body building material, which was expressed in
mathematical terms as

@ W ()~ kW (0), D

where W(f) represents body weight, f represents time,
m and n are constants, and 77 and k represent the
anabolism and catabolism constants, respectively.
Expression (1) corresponds to the allometry law,
which states the synthesis and breakdown process
rate in a body may be expressed as a power function.

Inspired on the biological hypothesis by Von
Bertalanfty (1957), given by (1), we propose a
method of initially quite broad character, presented
below. The sum of the variations in growths and/or

degrowths in relation to variables x = (xq, x5, ..., x) 1S
proportional to anabolism and catabolism, i.e.,

01+ (x)
Ay, le,...,zk (x) W

1,=0,..., =0 1 k (2)

=aW’(x) f (x) — bW*(x) g (x),

where f(x) 20,g(x) 20, fi,,..;,(x) =0,
k 1,>1,a>0,b>0,a+b >0,

0 R, and A €R .Itcan be seen that Equation (2)
may contemplate not only the time variable, but also
other important variables for the comprehension of
growth. Despite this possibility, we present below a
sub-case of (2) in an attempt to generalize, as much
as possible, the idea contained in (1). Indeed, under
conditions k=1, n, =1, a,=0, a, =1, f, (xl) =

0, £, (xl) =1, and x, =¢, we can describe Equation
(2) in a more simplified way:

@ =aW’ (@) f(t)-bW*(t)g(t). 3)

Although (3) is a particular case of Equation
(2), it admits as sub-cases all non-linear growth
(and degrowth) models well established in the
literature, obtained through differential equations,
as seen in Table 1. At the same time (3) generalizes
pre-existing models, this equation is adequate to
generate new model proposals. Considering, in (3),

0=1,1=0, f(t)=e",and g(¢)=ae", we have

the following expression:

dVZt(t ) aW ()" - abe. )
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Table 1. Growth/degrowth models generated from Equation (3).

Models a 0 A f (Z) g (t) Model generated

(04
Logistic (NELDER, 1961) - 2 1 1 1 W)= 1+ gen +e&
Von Bertalanffy (VON BERTALANFFY, 1957) - 2/3 1 1 1 W=« (1 - pe )3 +e
Brody (BRODY, 1945) - 0 1 1 1 Wity =a(l-pe")+¢e
Gompertz (LAIRD, 1965) - 11 1 1 W)=ae™” +¢
Chapm-Richard (RICHARDS, 1959) - - 11 1 WO=a(l-pe*) +&
Mitscherlich (DA SILVA, 1986) - 0 1 1 1 WO=a(l-k)+e
Brito-Silva 2 (BRITO et al., 2007) - e e W)= a(eﬂ o )+ &
Silva-Bailey (DA SILVA, 1986) - 1 - 7 - W@)=ae +¢
Exponential decay 0 - 1 - t Wit)y=ae +¢
Exponential growth - 1 - t - W(t)=ae"+e
Weibull - o 1 7 7 W)=a-pe +¢
Proposed - 1 0 el ae W)= a(l + ﬁe”k‘ )+ &

It is important to note that, since b is constant,
Equation (4) can be written as

aw(t) db _

kt _
o =ae (W()-b),

and, after some algebra development, we arrive at
the following expression:

W(t)= b[1 +eb—cez(eh)}. (5)

Equation (4) constitutes our proposed model,
whose solution in a more operational manner is
f01cmd on the last row of Table 1 by plugging b = «,

c _ Yij and % =y into Equation (5).

b

In order to test and compare the models, we used
the Logistic, Von Bertalanffy, Brody, Gompertz,
Richards, and Proposed models (Table 1).

In these models, W () is body weight (kg) at age
t; t is time, k is the specific maturation rate, which

indicates the rate at which the animal approaches
its size in adulthood (SARMENTO et al., 2006b);
a is the asymptotic weight when ¢ tends to
infinite (this parameter is interpreted as weight in
adulthood); m is the parameter that shapes the
curve, S, @, and y are shape parameter with
no biological interpretation; € is the exponential;
and ¢ is the random error associated with each
weighing following normal distribution with
average zero and constant variance. The estimates
of the model parameters for goat and sheep data
were obtained through the least squares method
using the Levenberg-Marquardt iterative process in
the software IBM SPSS Statistics 1.0 [20177].

Criterion for model selection

The criteria employed to select the model that
best describes the growth curve were:
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a. The residual mean squares (RMS) is calculated
by dividing the sum of the residual squares by the
degrees of freedom of the residue n—p, i.e.,

RS =S Qi)
-y
i-1 P

b. Akaike information criterion (AKAIKE, 1974)
- AIC and Bayesian information criterion - BIC
(SCHWARZ, 1978), defined as:

AIC =n+nlog(2x)+nlog (%j +2(p+1), and
n
SQ
BIC =n+nlog(2r)+nlog| —= |+(logn)(p +1).
n

According to Sousa et al. (2010), the AIC and
BIC criteria imposes a penalty according to the
number of parameters to be estimated.

c. The mean absolute deviation of the residues -
MAD, as suggested by Sarmento et al. (2006b),
obtained by the following formula:

piap 2V =]
n

d. Adjusted coefficient of determination: Since the
coefficient of determination R® increases as a new
variable is added to the mathematical model, one
alternative to correct this issue when comparing
functions with different numbers of parameters
is to use as criterion the adjusted coefficient of
determination, calculated as follows:

R=-r-27La_r).
n—p

Forthepreviousitems: SO, isthesumofsquares
of the residues, defined by SQ.,. = Z; (5, -, )2

; ¥, is the observed weight; p, is the estimated
weight (prediction) of y,; n is the number of
observations; p is the number of free parameters in
the model; and y is the average of the observations.
Thus, the best adjusted model is the one that has the
lowest values for RMS, AIC, BIC, and MAD and

the highest R’ value.

Clustering analysis and absolute growth rate

In the next step, those data underwent clustering
analysis in the free software R version 3.4.0. In order
to verify the fit between the dissimilarity matrix
and the dendrograms obtained from each clustering
method, the cophenetic correlation coefficient that
more consistently indicated the average linkage
method was calculated based on the mean Euclidian
distance. Next, the adjusted Rand index (HUBERT;
ARABIE, 1985) was used to determine the number
of clusters aiming to group the models so that there
is heterogeneity among and homogenicity within
the clusters according to the value of the indicators.
After the best model was chosen, we calculated the
absolute growth rate (AGR), obtained from the first
derivate of the adjusted model in relation to time

OW 1)/ o) .

Results and Discussion
Goat data

The estimates of parameters &, f, k, ¥, and
m in the adjusted models and the values of RMS,
AIC, BIC, MAD, k, and R, used to evaluate
which model best described the mean growth curve
of UB goats are presented in Table 2.
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Table 2. Estimated values of parameters ¢, [, k, y,and m along with the goodness-of-fit statistics RMS, AIC,

BIC, MAD, and
data on UB goats.

a

R? for the Logistic, Von Bertalanffy, Brody, Gompertz, Richards, and Proposed models adjusted to

Parameters Indicators

Models - ~ = = = 5

a B k Y i RMS AIC BIC MAD R
Logistic 19.84  6.35  0.020 0.09 16.62 2149 025 0.996
Von Bertalanffy 30.44  0.58  0.007 0.11 20.59 2547 049  0.995
Brody 75943  0.99  0.000 0.14 2731 3220 7.17 099
Gompertz 25.21 2.35  0.010 0.10 1835 2323 025 0995
Richards 25.69  0.10  0.009 23.20 0.11 20.59 26.69 044  0.995
Proposed 18.27 -1.17 0.012 -0.30 0.08 1494 21.03 0.24 0.996

The estimates of ¢, for the models at hand,
proved similar to the analyses of genetic aspects of
the growth curve of Anglo-Nubian goats (SOUSA et
al., 2011), however, we found lower values of those
estimates in other studies (CARNEIRO et al., 2009;
MALHADO et al., 2008a). One exception was the
Brody model, which overestimated weight from
birth to adulthood (759.43 kg). Pires et al. (2017),
while studying the growth curve of Repartida goats
reared in the caatinga, reported the overestimation
of this parameter both for the Richards function and
the Brody function.

One justification for the estimate of parameter
o, which indicates adult weight may be because
the data on UB goats used came from animals no
more than six months of age (CAVALCANTE et
al., 2013). According to Brown et al. (1976), this
is not the maximum weight the animal reaches, but
rather the mean weight at maturity, free of seasonal
studies
conflicting opinions on the optimal adult weight of

variations. Moreover, state there are
an animal, which will depend on the species, breed,
previous selection, management system adopted,

and climate conditions (CARNEIRO et al., 2009).

When analyzing parameter k, an important
indicator of precocity, it was found that the
Gompertz, Proposed, and Logistic models had the
highest values (0.010, 0.012, and 0.020) and that

the Von Bertalanff and Richards models had the
lowest values (0.007 and 0.009), whereas the Brody
function overestimated this parameter. The models
that found the most precocity of k, indicated the
lowest adult weights ¢, i.e., as maturity rate drops,
asymptotic weight increases. This inverse behavior
has been reported by other researchers (McMANUS
etal.,2003; SARMENTO etal.,2006b; MALHADO
et al., 2009).

Parameter [} is related to the intercept, i.e., an
integration constant related to the initial animal
weights and with no well-defined biological
interpretation. m is the inflection point of the curve
and indicates the moment the animal switches from
arapid growth phase to a slow growth phase. Finally,
parameter ¥, which appears in the Proposed model,
is used to increase the model’s flexibility in data
fitting.

In the literature, few papers were found with
references to studies on UB goat growth curve
(OLIVEIRA et al., 2009). However, great variation
was found in the choice of models that best fit the
growth curve of goats.

For data on Mambrina and Anglo-Nubian goats
reared in the caatinga, Carneiro et al. (2009),
Malhado et al. (2008a), and Sousa et al. (2011)
found the best fits using the Logistic, Bertalanfty,
and Brody models, respectively. According to
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Sarmento et al. (2006b), this difference concerning
the adjusted models is subjectively understandable
since it will depend on the growth pattern of the
animals studied.

However, in the present study, the best fit was
found for the proposed model, which had the lowest
values for the statistics RMS, AIC, BIC, and MAD
and the highest Rj value, followed by the Logistic,
Gompertz, Richards, Von Bertalanffy, and Brody
models, as seen in Table 2.

This result was corroborated by the clustering
analysis based on the criteria employed, which
showed the formation of five clusters (Figure 1),
the first formed by the Brody model, the second, by
the Von Bertalanffy and Richards models, the third,
by the Gompertz model, the fourth, by the Logistic
model, and the last, by the Proposed model. The
plot with the growth curve adjusted by the Proposed
model is presented in Figure 2. A visual analysis
shows that this model provided good fit.

The AGRs obtained by the first derivate of the
Proposed model over time showed growth up to the
maximum around 0.100 kg/day and degrowth with
age. The curve’s inflection point occurred at 83 days
of age, at weight of approximately 6.72 kg (Figure
3).

Previous studies on Anglo-Nubian goats showed
an inflection point at 71 days and AGR of 0.130
kg/day (MALHADO et al., 2008a). For males and
females, respectively, these measures were 100
and 83 days of age and 0.146 and 0.127 kg/day for
Mambrina goats of the same region in the state of
Bahia (CARNEIRO et al., 2009).

According to Souza et al. (2013), the inflection
point is important to aid producers in specific
feeding programs and in defining the best slaughter
age for the best cost/benefit ratio. According to
Teixeira Neto et al. (2016), the inflection point and
the AGR may be influenced by environmental and/
or genetic factors.

Figure 1. Dendrogram obtained by the clustering method based on the quality indicators (RMS, AIC, BIC, MAD, and

R?) for the Logistic, Von Bertalanffy, Brody, Gompertz, Richards, and Proposed models.
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Figure 2. Weight as a function of age according to the Proposed model observed in UB goats.
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The estimated correlation between parameters
a and k was significant and equal to -0.89 for
the proposed model and match studies on Anglo-
Nubian (MALHADO et al., 2008a) and Mambrina
(CARNEIRO etal., 2009) goats. The most important
biological ratio for a curve is between parameters
a and k (McMANUS et al., 2003). The negative
correlation between these two parameters indicates

animals with lower growth rates reach greater
weights at maturity.

Sheep data

Table 3 presents the estimates of the parameters
for each model and the criteria employed to assess
the model that best described the mean growth curve
of Santa Inés sheep.
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Table 3. Estimated values of &, ,B

, 7 ,and m along with the goodness-of-fit statistics RMS, AIC, BIC, MAD,

and Ra2 for the Logistic, Von Bertalanffy, Brody, Gompertz, Richards, and Proposed models adjusted to data on Santa

Inés sheep.

Models _ ] Paran}eters _ _ Indicators i

a B k /4 i RMS AIC  BIC MAD R
Logistic 2320 437  0.029 0.24 14.92 15.24 0.32 09973
Von Bertalanffy  24.88 048  0.016 0.07 3.10 3.39 0.16  0.9991
Brody 27.61 0.88  0.009 0.31 16.31 16.62 0.37  0.9965
Gompertz 24.22 1.87  0.019 0.04 1.27 1.60 0.15 0.9991
Richards 2440 020 0.018 9.54 0.05 2.80 3.20 0.14 09991
Proposed 2330 -2.33  0.008 -1.01 0.03 -0.19 0.21 0.09 1.0000

The estimated growth rate k showed great
variability among the models, between 0.008 and
0.029. Since the maturity rate indicates the growth
rate until asymptotic weight is reached, the values
of k may be interpreted as indicators of precocity.
High k values indicate precocious maturity
compared with animals with low k of similar initial
weight (MALHADO et al., 2009).

The Gompertz model stood out over its
competition in a study on Santa Inés sheep from
birth to 196 days of age (SARMENTO et al., 2006b).
In that study, the estimated values of the parameters
were as follows: Logistic (a =23.17, ﬂ =437,
and k = 0. 029), Von Bertalanffy (a =24281, ,B
= 0.48; and k = 0.016), Brody (& = 27.41, ﬁ
0.88, and k = 0.009), Gompertz (@ = 24.17, ,B
~1.87,and k =0. 019), and Richards (@ = 24.55,
B =034, k =0.017, and i = 4.64). It is worth
pointing out that, according to Table 3, those results
match the ones found in the present study.

In Teixeira Neto et al. (2016), the values of
34.75 kg (Logistic), 39.68 kg (Von Bertalanffy),
48.89 (Brody), and 37.56 kg (Gompertz) found for
A, when describing the growth of Santa Inés sheep
reared in a semi-intensive system, were higher than
the respective models in the present study (see Table
3).

It is known that the full development of tissues
and organs is a reflection of physiological maturity.
According to Amaral et al. (2011), Santa Inés males
are considered large animals and may reach from
120 to 150 kg at maturity. For Toral (2008), the &
estimate may be subject to errors since the data
adjusted by growth functions occasionally do not
comprehend the animal’s growth until maturity.

However, the estimated asymptotic weight of a
given breed may differ as a function of other factors.
In such situation, the difference found among the
studies may lie in animal management since the
asymptotic weight may be impacted by breed and
rearing system (MALHADO et al., 2008b).

According to R’ values, the models assessed
were virtually identical, with a slight superiority
of the Proposed model. The RMS, AIC, BIC, and
MAD statistics for the Proposed model were the
lowest (0.03; -0.19; 0.21, and 0.09), thus, it can be
indicated to adjust the growth curves of Santa Inés
sheep, hence it was the model that combined weight
and maturity close to observed data with the best fit
to the weights observed.

As previously mentioned, this was corroborated
by the clustering analysis, which indicated the
formation of four clusters (Figure 4), one with
the Logistic and Brody models, another with the
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Von Bertalanffy and Richards models, a third one  growth curve adjusted by the Proposed model for
with the Gompertz model, and the fourth with the the data of Santa Inés sheep.
Proposed model. Figure 5 shows the patterns of the

Figure 4. Dendrogram obtained by the clustering method based on the RMS, AIC, BIC, MAD, and Ra2 statistics for
the Logistic, Von Bertalanfty, Brody, Gompertz, Richards, and Proposed models.
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Figure 5. Weight as a function of age according to the Proposed model observed in Santa Inés goats.
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AGR rose until reaching the maximum of about  of age with weight of 8.9 kg (SARMENTO et al.,
0.100 kg/day and then decreased with age. The 2006b). However, for studies on sheep of the same
curve’s inflection point was reached at 125 days breed reared in the Brazilian state of Piaui, the
with weight of 8.6 kg (Figure 6). Results in previous AGR was 0.28 kg/day and the inflection point was
studies on Santa Inés sheep reared at EMEPA in reached at 28 days of age with weight of 6.40 kg
the state of Paraiba, Brazil, found AGR rising up (DO O et al., 2012).
to 0.170 kg/day and the inflection point at 52 days
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Figure 6. AGR estimated by the Proposed model based on sheep data.
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